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a b s t r a c t

We study the small-scale statistics of active and passive scalar fields, obtained from 3D large-
eddy simulations of the atmospheric boundary layer turbulence. The velocity field is anisotropic and
inhomogeneous, due to the action of both buoyancy and shear. We focus on scalar field rare fluctuations
dominated by the so-called fronts. Temperature, coupled to the velocity field by the Boussinesq equations,
exhibits anomalous scaling and saturation of the scaling exponents to a constant value, due to the presence
of thermal fronts. Although qualitatively similar, the small-scale statistics of a passive tracer advected by
the convective flow shows quantitative differences: the large fluctuations of the tracer concentration field
distribute differently and appear to be less intermittent than the temperature ones. To better understand
these results, the role of boundaries in this problem is discussed.

© 2011 Elsevier B.V. All rights reserved.
1. Introduction

Scalar turbulence is a very broad subject of research, which
received a great deal of attention in the past years, particularly
in the case of a scalar concentration field passively advected by
a turbulent flow [1,2]. This is considered as a prototype of the
more complex fully non-linear Navier–Stokes problem, but with
the major advantage of being analytically treatable, in some lim-
its (see [3] and the references therein). Here, in particular, we re-
fer to the case of a fully developed turbulent flow (of modest to
high Reynolds numbers), passively advecting a scalar field, with
Schmidt or Prandtl number order ∼ O(1), that is the fluid kine-
matic viscosity comparable with the scalar molecular diffusivities.
For such problems, theoretical, numerical and experimental efforts
have successfully led to an understanding of the statistics of the
passive scalar provided the following idealised conditions are ver-
ified: (i) the advecting flow is statistically homogeneous, isotropic
and non-intermittent; (ii) the scalar field is statistically homoge-
neous (not necessarily isotropic) and forced at large scales. Under
the previous conditions, scalar increment statistics can be shown
to beuniversalwith respect to the large-scale forcing and to present
anomalous or intermittent scaling properties. An important obser-
vation is that the scalar signal shows ramp–cliff structures (see
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e.g. [2]), that is regions where scalar fluctuations are weak – cliffs
or plateaux – separated by very strong variations across small scale
separations, the so-called fronts. These quasi-singular structures
play a key role in the scalar statistics: they dominate larger and
larger scalar fluctuations, leading to strong small-scale intermit-
tency characterised by the saturation of the scalar moment scaling
exponents [4,5].

Note that this is a generic feature: front structures in the trace of
passive scalars advected by a turbulent flow are present, regardless
of whether the velocity field is two or three dimensional, and
regardless ofwhether large-scale scalar injection is isotropic or not.

Universality and intermittency of passive scalar statistics
(within the previous hypothesis) has been understood in terms
of Lagrangian interpretation of scalar spatial correlations and
statistically preserved structures [3,6,7]. While we cannot review
here these results, we note that the same general statements in
terms of universal and anomalous scaling properties cannot yet be
formulated for the problem of active scalar advection.

This is the case of scalar fields which react back on the
advecting flow, as e.g. for the atmospheric and Rayleigh–Bénard
thermal convection, or for the transport of magnetic fields in two-
dimensional conducting flows. The non-linearity, associated with
the scalar-flow coupling, rules out the possibility of analytical
approaches, while experimental (see e.g. [8]) or numerical [9,10]
attempts to gain insight into the problem are not yet conclusive.
Clearly, additional difficulties arise if statistical symmetries of
turbulent fields, such as isotropy or homogeneity, do not hold or
hold only in a weak sense (see [11] for a review on anisotropic
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turbulence). A proper theoretical framework for scalar advection
in the presence of an intermittent velocity field is also unclear.

So, while at the fundamental level of a theory for active scalar
small-scale statistics many questions remain open, at the level
of observation it is known that ramp–cliff structures are present
also in the trace of active scalars. In the atmospheric temperature
field, these are detected in region located from the ground to the
middle stratosphere [12]. Hence the question raised is if passive
and active scalars have similar statistical behaviours, at least on a
phenomenological ground.

In this paper, we study the behaviour of active and passive
scalar fields in atmospheric boundary layer (ABL) turbulence,
by means of numerical simulations. Transport of scalars is a
central problem of atmospherical physics [13], where typically
active scalars are the temperature and moisture fields, while
passive scalars are gas tracers. The main focus of this work is to
characterise scalar small-scale fluctuations, and the role of fronts
in the statistics of the temperature and of a gas tracer.

The atmospheric boundary layer convective state is described
by means of the Boussinesq approximation for the velocity and
temperature fields. In the same flow, a passive scalar is also
injected. Since, numerically, we cannot fully describe the range of
scales of the 3D atmospheric boundary layer (where typical large
scales are L0 ≃ 103 m, and the Kolmogorov scale is η ≃ 10−3 m),
we adopt the approach of large-eddy simulations [14]. Within
this framework, as specified in the sequel, we can resolve scalar
fluctuations over separations larger than tens of metres. Therefore,
by small-scale statistics, we intend moments of scalar increments
at scales belonging to the inertial range, i.e. over (horizontal) space
separations r , such that 0.1 ≤ r/zi ≤ 1, where zi is the estimated
boundary layer height (see below).

The paper is organised as follows. Section 2 describes the
model equations and the main features of our numerics; Section 3
contains a characterisation of turbulence for the problem at hand
and the main results for the statistics of scalar rare fluctuations.
Finally, Section 4 contains the discussion of our results and
concluding remarks.

2. Model equations and numerical set-up

Large-eddy simulations (LES) have become a standard tool for
numerically studying the atmospheric boundary layer dynamics in
the convective regime [15–18], when the energy transfer is domi-
nated by the almost self-similar turbulent energy cascade [19]. In
an LES, a low-pass filtering procedure is applied to any turbulent
field, thus retaining only the large-scale, most energetic degrees
of freedom: (sub-grid) high wavenumber degrees of freedom are
parameterised in terms of the low wavenumber ones by statistical
closures, such as eddy viscosity or eddy diffusivity closures.

Here, we briefly recall the model equations, the set-up of
the numerical simulations, and the main parameters of the runs
performed. Filtered or resolved fields are labelled as u(x, t),

ui(x, t) =

∫
∞

−∞

eik·x G(k, ∆f ) ûi(k, t)dk,

where G(k, ∆f ) is the filter function applied in the Fourier space.
A sharp spectral filter is applied in the horizontal directions. In the
vertical direction, the use of finite differences is equivalent to a top-
hat filtering. The LESmodel advances in time the filtered equations
for the temperature θ̄ (x, t) and the incompressible velocity field
u(x, t), coupled via the Boussinesq approximation [20], and the
filtered advection–diffusion equation for the passive concentration
field c̄(x, t). These are:
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Here the indexes i, j are running over x, y, z (ux = u, stream-
wise, uy = v, spanwise, uz = w, wall-normal component), and
repeated indexes are retained summed. In the above equations, g
is the acceleration due to gravity directed along z, θ0 is a reference
temperature, fc is the Coriolis parameter. Ugj is the j component of
the external geostrophic wind, which balances the mean horizon-
tal pressure gradient; τ d

ij is the deviatoric part of the residual (or
subgrid scale SGS) strain tensor τij, which is defined according to

τij = ui uj − uiuj = uiu′

j + u′

iuj + u′

iu
′

j, (5)

where the vector components u′

i are the unresolved parts of the
turbulent field: ui(x, t) = ūi(x, t) + u′(x, t).

The isotropic component of the strain (5) is included in the
pressure term:

P⋆
=

p
ρ0

+
τkk

3
+

(ukuk)

2
,

with p̄ the physical pressure and ρ0 the air density. In the scalar
equation, the SGS stress for the temperature θ or equivalently for
the tracer c has the form:

τ
(θ)
i = θ ui − θui = θu′

j + θ ′ ui + θ ′ u′

i. (6)

We have modified the numerical code, developed at the National
Center for Atmospheric Research (NCAR) [21], by replacing the
Smagorinsky closure for the stress terms in Eqs. (5) and (6) with
the so-called Dynamic Model [22,23].

Standard 2/3-idealised pseudo-spectral space integration is
performed in the horizontal directions, while a finite-difference
second-order scheme is adopted for space integration along the
vertical direction. Time evolution is implemented by a Runge–
Kutta third order scheme.

The 3D physical domain, with spatial dimensions Lx × Ly × Lz , is
homogeneous in the horizontal planes; along the vertical direction,
there is a wall at the bottom and an open surface at the top. In the
present study, Lx = 5000 m, Ly = 5000 m, and Lz = 2000 m.
We performed two numerical experiments with 2563 collocation
points, hence the mesh spacing is about 20 m × 20 m × 8 m. The
values of the relevant parameters for the numerical simulations
are collected in Table 1. Note that the typical integral scale in
the horizontal directions is about L0 ≃ 1.5 zi [24], where zi is
the atmospheric boundary layer height which fixes the vertical
integral scale.

Velocity field fluctuations are generated by both buoyancy and
shear. The velocity field satisfies a no-sleep condition at the bottom
wall, while it matches the large-scale geostrophic wind at the
free top. Temperature fluctuations are generated via a constant
in time, homogeneous in space, surface heat flux H0 mimicking
the response of the ground to solar radiation: here H0 = ⟨(w −

⟨w⟩)(θ − ⟨θ⟩)⟩, and the average is performed on the horizontal
planes close to the surface. The close-to-the-wall region where the
heat flux does not vary with height is known as surface layer.

As a result of the surface heating and the mechanical stirring
by shear, a quasi-steady state is reached for the velocity and tem-
perature fields. Concentration fluctuations are also generated by
a constant in time, homogeneous in space, surface concentration
flux C0, which guarantees a quasi-steady state for the passive tracer
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Table 1
Internal parameters. Run S (W ) presents a strong (weak) initial temperature gradient (capping inversion) Γ0 at the top of the boundary layer. Other symbols in the table: zi is
the boundary layer height (estimated as the height of minimum vertical heat flux); w∗ is the typical vertical velocity value or convective velocity scale, w∗ = (gziH0/θ0)

1/3;
τ∗ = zi/w∗ is the large-scale eddy turn-over time;−zi/L, where L is theMonin–Obukhov length [24], is the stability parameter indicating for our runs amoderate convective
regime; |∆c| is the initial tracer concentration jump across the entrainment zone at the top layer; C0 is the passive tracer surface flux, and Cin is the estimated initial passive
tracer entrainment flux; Γ0 is the temperature gradient across the entrainment layer; H0 is the surface heat flux, and Hin is the estimated initial entrainment heat flux.

Run zi w∗ τ∗ −zi/L |∆c| C0 Cin Γ0 H0 Hin
(m) (m s−1) (s) (ppm) (ppmm s−1) (ppmm s−1) (K m−1) (K m s−1) (Kms−1)

S 1080 2.1 520 23 0.1 0.2 0.006 0.1 0.24 −0.04
W 1400 2.3 610 27 10 0.2 0.3 0.01 0.24 −0.04
Fig. 1. Vertical mean profiles of the turbulent fields as functions of z/zi , where
zi is the atmospheric boundary layer height. (Top) streamwise component of the
velocity field ū ((m/s) units), approaching the imposed geostrophic wind Ug =

10 m/s at the top of the domain. (Bottom) the scalar temperature θ̄ (Kelvin degree
units) is indicated by a continuous line, while the scalar concentration c̄ profile
(ppm units) is the dashed line. In the figures, it is made the distinction among the
surface layer (SF), the mixed layer (ML) and the entrainment zone (EZ).

field. Because of the action of turbulent convection, temperature
and concentration mean vertical profiles are constant with height
in the physical domain, not too close to the boundaries: the region
where this happens is known as themixed layer [24]. In Fig. 1, typi-
cal vertical profiles of the mean velocity, temperature and concen-
tration fields are shown.

Near the top of the domain, the temperature field matches an
imposed positive mean gradient, whose magnitude can be varied,
mimicking the stably stratified layer of free atmosphere capping
the atmospheric boundary layer. That region of matching is called
entrainment layer.

The scalar concentration is set to zero in the free atmosphere,
where no scalar sources are generally expected. Initial conditions
are assigned according to standard profiles of velocity, tempera-
ture and concentration fields in the ABL; we simulated two dif-
ferent conditions: case S, where the top temperature gradient Γ0
is strong and the initial concentration jump across the entrain-
ment layer |∆c| is small; caseW , where the top temperature gradi-
ent is weak and the initial concentration jump across the entrain-
ment layer is large. As a result, different concentration entrainment
fluxes Cin establish at the top of the mixed layer.

The atmospheric boundary layer quasi-steady state is charac-
terised by stationary momentum mean vertical profile, and by
scalars mean vertical profiles which can change in time (for exam-
ple the mean temperature in the mixed layer grows, as it generally
happens in the atmospheric boundary layer during diurnal convec-
tion). Total variances are statistically stationary for all turbulent
fields, except in run S, where the passive tracer variance shows a
slowly growing trend.

The integration is carried out for about thirty large-scale eddy
turn-over times τ∗, after the transient stage lasting few eddy
turn-over times was finished. To limit the effects associated with
deviations from steadiness in run S, we performed the statistical
analysis over ≃20τ∗, by saving 80 snapshots equally spaced in
time. Within this interval, the above mentioned variance growth
is small.

The mixed layer is characterised by almost constant profiles
of the kinetic energy turbulent dissipation, and scalar fluctuation
dissipations. In the surface layer, dissipations aremaximal because
of the local strong gradients. Turbulent dissipations rapidly
decrease to zero in the viscous sub-layer, close to the wall, not
resolved in our LES, where all turbulent fields have an almost
linearmean profile [24]. In the entrainment layer, dissipation rates
decrease to zero also, since in the stably-stratified free atmosphere
there is neither mechanical nor thermal production of turbulence.

In our numerics, eddy diffusivities of the temperature and
passive tracer fields are almost equal, but larger than the
momentum eddy viscosity: the SGS Prandtl and Schmidt numbers
evaluated in terms of eddy-dissipation coefficients turn out to be
≃ 0.35. In an LES, Reynolds number estimation is rather uncertain,
but, in our range of parameters, Taylor scale based Reynolds
number is of the order of a few thousands.

We notice that the top of the boundary layer injects positive
temperature fluctuations (acting as a temperature source), and
negative concentration fluctuations (acting as a passive tracer
sink). For the temperature field, the magnitude of the positive
entrainment flux is always smaller than the bottom one. Warm
thermal plumes are generated near the bottom surface, then rise
and broaden in the mixed layer; wider but weaker and colder
plumes descend from the top of the boundary layer towards the
bottom surface. For the passive concentration field, the relative
magnitude of the entrainment and the bottom fluxes depend on
the imposed boundary conditions. If the concentration surface flux
C0 is much larger than the entrainment one Cin, the passive tracer
behaviour is driven by the bottom surface in almost the entire
mixed layer. Passive tracer fluctuations tend to strongly correlate
with the temperature field, and the passive tracer field is trapped
into the rising thermal plumes. On the other hand, if concentration
surface flux is much smaller than the top one, passive scalar mixes
independently of the temperature field.

Both scalar fields distribute in regions of nearly constant value,
separated by thin layers of sharp scalar gradients; however, when
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Fig. 2. Skewness of temperature (top) and concentration (bottom) vertical
gradients, averaged along the spanwise direction y, as function of x and z. Data refer
to a snapshot of the scalar fields within run S. The instantaneous boundary layer
height is zi ≃ 940 m. Contour lines are plotted on levels −5, −2.5 and 0.

Cin/C0 > 1, regions of homogeneous tracer concentration and
regions of tracer sharp gradients (fronts) are on average spatially
uncorrelated with those of the temperature field. If the ratio Cin/C0
is neither too small nor too strong, the statistical correlation of the
scalars depends on the height z in the mixed layer, making the
system inherently inhomogeneous.

Fig. 2 shows the skewness of vertical scalar derivative,

S = ⟨(∂z θ̄ )3⟩/⟨(∂z θ̄ )2⟩3/2,

averaged along the spanwise direction y, evaluated on snapshots
of the temperature and of the concentration fields, for run S. The
(light blue) dark shade, near the surface, reveals the positive fluxes
of both temperature and concentration from the surface. Similar
structures for the temperature and concentration skewness in the
lower layer signal a strong spatial correlation at small scales be-
tween the two scalar fields. On the other hand, opposite processes
are occurring at the top of themixed layer. There, positive temper-
ature fluctuations are associated to the entrainment of warm air,
whereas negative concentration fluctuations are associated to the
entrainment of clean air parcels.

In each numerical simulation, the statistical measurements
were carried out in a limited vertical region, where turbulent fields
are almost isotropic in the horizontal (homogeneous) planes and
with vertical inhomogeneity effects smaller than the statistical
error bars. In this region, variances of turbulent scalar fields do not
varywith height. In the sequel, unless specified, themeasurements
shown are performed in the horizontal planes, and averaged along
the vertical direction for planes belonging to the selected region:
0.4 < z/zi < 0.6. We remark that in this selected region, the two
series of numerical experiments, runW and run S, exhibit the same
small-scale statistical behaviours, within error bars. Hence, we
expect to have a reduced dependence on the boundary conditions
on the statistical analysis performed.
Finally, note that LES models have been used to study resolved
scales turbulent fluctuations in many different contexts; see
e.g. [25,26]. Results have been shown to be independent of the LES
model adopted and robust with respect to the spatial resolution.

3. Temperature and concentration statistics

Classical theory for thermal convection (see e.g. [27]) predicts
the scaling behaviour of the turbulent velocity and temperature
fields, balancing buoyancy forces and inertial ones. The Bolgiano
length LB defines the scale at which these forces are comparable.
At scales larger than LB, yet smaller than the large-scale correlation
length L0, kinetic energy transfer should be dominated by
buoyancy forces, leading to the Bolgiano–Obukhov (BO) scaling for
the velocity and temperature increments, namely for LB ≪ r ≪ L0,
⟨{[u(x+r)−u(x)]· r̂}⟩ ∝ (r/L0)3p/5 and ⟨[θ(x+r, t)−θ(x, t)]p⟩ ∝

(r/L0)p/5. Moreover, by dimensional argument, the same scaling
properties of the temperature field should apply to the passive
scalar c̄.

Differently, for scales η ≪ r ≪ LB, where η is the Kolmogorov
scale of the flow, inertial forces should dominate, imposing a
constant rate of kinetic energy transfer towards the small scales,
i.e. the Kolmogorov–Obukhov–Corrsin (KOC) scaling: ⟨{[u(x+r)−
u(x)] · r̂}⟩ ∝ (r/L0)p/3 and ⟨[θ(x + r, t) − θ(x, t)]p⟩ ∝ (r/L0)p/3.
Let us emphasise that, being a dimensional argument, the inertial
Bolgiano–Obukhov scenario does not take into account neither the
role of boundaries, nor the direction of the kinetic energy cascade.
Bolgiano–Obukhov scenario (corrected by intermittency for the
temperature field) has been clearly observed in 2D turbulence [28],
where however the velocity fluctuations are not intermittent and
kinetic energy cascades from the small to the large scales of
the flow. In 3D turbulence, where kinetic energy cascade goes
from large to small scales (direct cascade), the results are not yet
conclusive [29].

Experiments in a Rayleigh–Bénard cell, where also a fluorescent
dye is injected [8], give indications of different scaling properties
between active and passive scalars, above and below the Bolgiano
scale. Indications of the simultaneous presence of both the BO
and KOC behaviours have been reported in direct numerical
simulations of a Rayleigh–Bénard convective cell [30], where
however the limited range of scales does not allow for conclusive
statement.What emerges is that the interaction of the velocity field
with the wall is important to obtain a Bolgiano length smaller than
the integral scale of the flow.

In Fig. 3, we report two measurements of the Bolgiano scale LB
obtained in our numerics. Classical definition of LB is the length at
which inertia balances buoyancy forces, resulting in

LB =
ϵ5/4

N3/4(g/θ0)3/2
. (7)

In our set-up, the kinetic energy dissipation rate ϵ and the scalar
thermal dissipation rate N are averaged on the horizontal planes
since they both vary along the vertical axis.

More recently, it has been proposed [30,31] to define LB as the
scale atwhich energy transfer by inertial effects is comparablewith
that associated to buoyancy, giving,

ϵ(z) ≃ (g/θ0)⟨|δw(r = LB) δθ(r = LB)|⟩, (8)

with averages performed over the horizontal planes. Both defi-
nitions are dimensional and thus valid up to a non-dimensional
prefactor that we cannot control: if we allow for an arbi-
trary constant ∼O(1), the two estimations coincide. In Fig. 3,
Bolgiano lengths are normalised with the size of the physical do-
main in the horizontal directions. In the entire domain, buoyancy
seems to be the dominant mechanism for the energy transfer;
however we do not expect to have enough range of scales to see
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Fig. 3. (Green dashed curve) Vertical profile of the Bolgiano scale obtained from
Eq. (8), normalised with the horizontal size of the domain; (blue continuous curve)
the Bolgiano scale obtained from Eq. (7); (red dot-dashed curve) LB from Eq. (8)
multiplied by a prefactor C = 3. Same prefactor is found in the Rayleigh–Bénard
DNS [30].

Fig. 4. Log–log plot of the one dimensional turbulent spectra measured along
the streamwise direction for run W . Symbols: (Stars) for the streamwise velocity
component ū, (plus) for the temperature θ̄ , (circles) for the concentration c̄ . The
dashed curve has a slope ≃ k−5/3 . Average is performed over the horizontal planes
with 0.45 < z/zi < 0.6.

the BO scaling. Indeed, in the region where we perform our mea-
surements, the Bolgiano length is only a factor five smaller than
the horizontal integral scale L0 ≃ 2100 m. The absence of BO
scaling is confirmed by the inspection of the 1D spectra measured
along the streamwise direction, shown in Fig. 4. Turbulent spectra
for velocity, temperature and tracer fields are compatible with a
Kolmogorov scaling E(k) ≃ k−5/3 [32]. Notice that, at a low order
such as the second statistical moment, the two scalars exhibit an
equal behaviour at any spatial scale except the large ones.

Before focusing on small-scale features, it is useful to look at
the scalar distributions. In [33], the behaviour of the probability
density functions (PDFs) P(θ̄ − ⟨θ̄⟩), P(c̄ − ⟨c̄⟩) (average is on the
horizontal planes) is discussed, at varying the injectionmechanism
(run S vs. run W ), and the distance from the bottom surface. Due
to the imposed boundary conditions, the temperature field is not
very sensitive to these variations, while the concentration field
can display important differences in the large scale features. In
particular, as shown in Fig. 5, the temperature single-point PDF
is always strongly positively skewed, while the concentration one
can be differently negatively skewed.

What are the consequences of these different large-scale
features on the small-scale statistics? Are the presence of fronts
and their statistical role universal, i.e. independent of the large
Fig. 5. Lin–log plot of the single point probability density function P (X − ⟨X⟩),
where X is either the resolved temperature θ̄ or the resolved concentration c̄.
PDFs are measured at z/zi = 0.65 and averaged over all available statistics. The
continuous line is for the temperature field in run W (same curve is obtained in
run S, not shown). Diamonds are for the PDF of the tracer field in run S, while open
circles are for the tracer field in runW .

scales of turbulence? Or do they change at varying top/bottom
fluxes? In the sequel, we try to answer these questions.

3.1. Saturation of intermittency of scalars

A way to characterise scalar fluctuations is in terms of the so-
called structure functions,

Sp(r) ≡

[c̄(x + r, t) − c̄(x, t)]p


= ⟨(δrc̄)p⟩ ∝ (r/L0)ξp ,

where we have assumed that the scalar field is stationary,
statistically homogeneous and isotropic. If the statistical ensemble
is anisotropic but homogeneous, these moments do not depend on
the point of measure (x), but possibly only of the direction of the
separation vector (r).

The Kolmogorov–Obukhov–Corrsin (KOC) theory predicts for
even order structure functions of passive scalar fields a dimen-
sional (non-intermittent) behaviour

S2p(r) = C2pNp
c ϵ

−p/3r2p/3 ∝ (r/L0)ξp , (9)

where C2p are non-dimensional constants, Nc is the tracer dissi-
pation rate, and the scaling exponents linearly increase with the
moment order p, ξ2p = 2p/3.

An important result of experimental and numerical research
over the past fifteen years has been confirming that, as predicted by
recent theoreticalmodels (see [3] for a review), passive scalar fields
display an extremely intermittent statistics, leading to saturation
of the scaling exponents: i.e., given ⟨[c(x + r, t) − c(x, t)]p⟩ ≃

(r/L0)ξp , the exponents ξp tend to a constant value ξp → ξ∞ =

const., for large enough orders p > pcrit [5,34],

Sp(r) =

(δr c̄)p


∝ (r/L0)ξ∞ , p > pcrit .

Here, the exponent ξ∞ > 0 has to be positive [35] and no longer
depends on the order p. This is the largest possible deviation from
the dimensional linear scaling of the KOC theory. According to
the KOC theory, moments of order 2p are simply the square of
moments of order p, while when saturation is observed, if p > pcrit
all moments scale with the same exponent ξ∞.

Saturation of structure function exponents is the statistical
counterpart of the presence of fronts in the scalar fields [5]. To
explain this, we start by giving an operative definition of scalar
front.We call front a scalar excursionwhose amplitude stays of the
order of few standard deviations, with theminimal thickness r that
can shrink down to be of the order of the Kolmogorov dissipative
scale (that we do not resolve here):

δr c̄ > λσc̄,
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where λ is a positive constant λ > 1, and the separation r is taken
in the inertial range of scales η < r < L0. Clearly, tomeasure larger
excursions, larger statistical datasets are needed.

From the previous description, it is clear that nearby locations
can exhibit very large differences of scalar concentration, and these
quasi-singularities dominate the behaviour of extreme events
(partly resembling what happens in Burgers turbulence because
of shocks in the velocity field [32]). Note that in 2D and 3D
turbulence, passive scalar statistics converge more slowly than
velocity statistics, hence wide scale separation and large statistical
samples are required to obtain accurate and reliable data [36].

In the case of active scalars, saturation of scaling exponents of
the temperature field, ⟨[θ(x + r, t) − θ(x, t)]p⟩ ∝ (r/L0)ζ∞ for
large p, has been observed in 2D direct numerical simulations of
homogeneous thermal convection [28] (i.e. without boundaries),
and in 3D experiments in a Rayleigh–Bénard cell [37]. Saturation of
temperature intermittency has also been measured in a numerical
study of the atmospheric boundary layer convection by means of
large-eddy simulations [25].

Coming to the investigated ABL, a striking feature is that in
both runs W and S, scalar increment distributions P(δr θ̄ ) and
P(δr c̄), at separations r in the inertial range, strongly deviate froma
Gaussian curve and exhibit large deviations frommean values. For
a quantitative analysis, it is natural to consider either the behaviour
of high-order structure functions or, equivalently, the scaling of
the very broad tails of scalar increment PDFs [5,38]. We adopted
the latter procedure, which is less affected by finite size effects.
Saturation implies that the probability density function of scalar
increments has the following form [38]

P (δr c̄) =
rξ∞

σc̄
G


δr c̄
σc̄


, (10)

P (δr θ̄ ) =
rζ∞

σθ̄

Q


δr θ̄

σθ̄


, (11)

for increments δr c̄ > λσc̄ larger than the scalar standard deviation
σc̄ = ⟨(c̄ −⟨c̄⟩)2⟩1/2, and equivalently for the temperature fluctua-
tions. The power-law form for the tails of the scalar increment PDFs
means that large scalar differences are dominated by the same sta-
tistical objects, and the probability to have a fluctuation, which is
order σc̄ across a distance r , goes as rξ∞ .

In these expressions, the unknown functions Q(·) and G(·) do
not depend on the scale separation r and are bounded by the single
point scalar distribution [38].

The functional shapes in Eqs. (10) and (11) determine the
behaviours of structure functions. From the definition:

Sp(r) =

∫
∞

−∞

(δrθ̄ )pP (δrθ̄ )d(δrθ̄ ), (12)

if we insert expression (11), valid for large scalar excursion or high
order moments (i.e. large p), we obtain

Sp(r) = σ
p
θ̄
rζ∞

∫
∞

−∞

δr θ̄
p

σ
p
θ̄

Q


δr θ̄

σθ̄


d


δr θ̄

σθ̄


= Apσ

p
θ̄
rζ∞ . (13)

Integral on the right hand side of the previous expression is finite,
since the function Q


δr θ̄
σθ̄


is bounded on the very far tails [38].

A geometrical interpretation of the saturation exponent ξ∞

or ζ∞ is natural [32]. If we define DF the fractal (non-integer)
dimension of the set hosting scalar fronts, thenDF = d−ξ∞, where
d is the space dimension where fronts are measured. Since in our
analysis we measured scalar increments in horizontal planes, then
d = 2.

Note that, in general 3D flows, there is no strong argument to
expect equal statistics and thus equal saturation exponents for the
Fig. 6. (Top) Lin–log plot of the temperature increments probability density
function, multiplied by the factor σθ̄ (z)/r

ζ∞ . They are taken at four different scale
separations r/zi ≃ 0.26 (solid line), 0.36 (dot-dashed line), 0.45 (dotted line), and
0.59 (dashed line). The z-dependent temperature standard deviation σθ̄ (z) used to
normalise the PDFs is the one corresponding to the average over the horizontal
planes with 0.45 < z/zi < 0.6. (Bottom) The same for the concentration field,
at the scales r/zi ≃ 0.36 (solid line), 0.45 (dot-dashed line) and 0.59 (dotted line).

two scalars, i.e., ξp = ζp for any order p. Indeed, equal and universal
statistics for active and passive scalar fields has been proven only
for 2D thermal convection in the presence of an inverse energy
cascade for the velocity field (which is non intermittent) [28], or
in the case of a shell-model for the same problem (again in the
presence of a non-intermittent velocity field) [39].

Let us move to the results obtained in our numerical simula-
tions. In Fig. 6 (top), we show the PDFsP (δr θ̄ ) of scalar increments
for different values of the scale r inside the inertial range of scales,
multiplied by the factor σθ̄/r

ζ∞ . Temperature increments aremea-
sured along the spanwise direction y, to reduce anisotropic effects
due to the thermal plumes and shear. The collapse of the tails of the
probability density functions indicates the presence of saturation,
since they all scale as power-laws with the same saturation expo-
nent, and also gives the unknown function Q


δr θ̄/σθ̄


in Eq. (11).

The saturation exponent measured for the temperature field
ζ∞ = (0.6±0.2) coincideswith the result already obtained in [25],
in a similar set-up for the atmospheric boundary layer convection.
In the same figure, (bottom) we plot the PDFs P (δr c̄) for the tracer
field, at the same values of the scale r , multiplied by the factor
σc̄/rξ∞ , with ξ∞ = (1.2 ± 0.2). These plots refer to run W but
similar results have been obtained in run S.

Another way to probe the role of fronts in the scalar statistics
is by considering the cumulative probability of measuring large
fluctuations. By integrating equation (11), one obtains that the
cumulative probability of large fluctuations (larger than λσθ̄ )

P (|δr θ̄ | > λσθ̄ ) =

∫
−λσθ̄

−∞

P (δr θ̄ )d(δr θ̄ ) +

∫
∞

λσθ̄

P (δr θ̄ )d(δr θ̄ ), (14)



I. Mazzitelli, A.S. Lanotte / Physica D 241 (2012) 251–259 257
Fig. 7. Log–log plot of the cumulative probability density function of scalar
increments larger than λσX (z), with λ = 3.5: (empty circles) for the temperature,
and (filled circles) for the concentration. Scalar increments are measured along the
spanwise direction y. The z-dependent standard deviation σX (z) used to compute
cumulative PDFs is the one corresponding to the average over the horizontal planes
with 0.45 < z/zi < 0.6. The straight lines have the following slopes: ≃ r0.6 (solid
line), ≃ r1.2 (dashed line).

behaves as P (|δr θ̄ | > λσθ̄ ) ∝ rζ∞ , if we choose the constant
λ greater than one. In Fig. 7, the scaling behaviour of the scalar
cumulative probability density functions obtained in run W is
plotted for λ = 3.5. Here the differences of large fluctuation
statistics for the temperature and the concentration fields are even
more manifest.

We are not aware of previous measurement of passive scalar
saturation exponent in 3D convective flows. Indeed, for 3D flows,
the scalar saturation exponent has been measured only in the case
of homogeneous and isotropic turbulence in liquid helium [34],
where authors report the value ξ iso

∞
= (1.4 ± 0.1). The two

measurements are compatible. However in the present system the
velocity field, whose spectrum is also Kolmogorov like, is more
complex due to convection and anisotropy, so discrepancies might
well arise [40]. We remark that similar figures are obtained for
other values of the constant λ ∈ (1; 4.5] (not shown).

To summarise, we havemeasured the statistics of large fluctua-
tions of the two scalar fields, in a region of the convective boundary
layer where inhomogeneity effects are very small. The two fields
are driven by the same velocity field. Both exhibit strong inter-
mittency with saturation of structure function scaling exponents,
or equivalently power-law behaviour for the scalar increment PDF
tails, due to the presence of quasi-singular structures in the trace of
the scalar fields. However, the saturation scaling exponents are dif-
ferent, implying that the fronts have different geometrical features.

Run W and run S produce similar results, which point to
the universality of the scalar statistics with respect to the large-
scale conditions. Next we further investigate scalar turbulence
universality, by reporting results from another series of numerical
simulations.

3.2. The role of boundaries

In run W and S, temperature and concentration fields present
entrainment fluxes of different signs (see Table 1). Indeed, due to
the applied positive temperature gradient Γ0, the top boundary
behaves as a source for the temperature field. Conversely, due to
the negative tracer gradient, the top boundary is a sink for the
concentration (see Section 3 and discussion therein).

In the present section, we focus on the possible role of different
boundary conditions on the statistics of the two scalars well inside
the mixed layer. In particular, we want to check whether previous
results are universal or not with respect to the large-scale fluxes,
imposed at the boundaries. We performed a simulation with the
Fig. 8. Log–log plot of the cumulative probability density function of scalar
increments larger than λσX (z), with λ = 3.5: (empty circles) for the temperature,
and (filled circles) for the concentration in run W128 with 1283 grid points. Scalar
increments aremeasured along the spanwise direction y. The z-dependent standard
deviation σX (z) used to compute cumulative PDFs is the one corresponding to the
average over the horizontal planes with 0.15 < z/zi < 0.3. Data from run W with
2563 grid points are also plotted. These are the samedata of the previous figure, here
shifted vertically by an arbitrary factor to superpose the curves. (Plus symbols) for
the temperature, and (empty diamonds) for the concentration.

same physical domain but at lower resolution, with 1283 grid
points: the initial temperature inversion is Γ0 = 0.08 K/m
and the temperature fluctuations are convectively driven by the
homogeneous, constant in time surface flux H0 = 0.24 K m/s (run
W128). In this simulation the concentration field is forced tomatch
a positive top gradient, which results in a negative entrainment
flux Cin ≃ −0.01 ppmm/s. The concentration homogeneous
surface forcing is perturbed in time with random fluctuations
around the mean value C0 ≃ 0.05Cin. Random fluctuations are
added to break spatial correlations among scalars near the bottom.
Therefore, though quantitatively different, similar constraints are
applied to both temperature and concentration on the top and on
the bottom surfaces, except for the randomisation at the surface.
Owing to the large Cin/C0 ratio, a wide vertical region is created
where concentration fluctuations are sufficiently decorrelated
from temperature ones. In such regions, extending in the range
0.15 < z/zi < 0.3, the linear correlation coefficient, averaged in
the horizontal planes, between θ and c is close to zero.

We investigate the high order scalar statistics in this mixing
region. In Fig. 8, we compare the cumulative probability of large
temperature/concentration fluctuations, evaluated in run W128,
with results of runW at larger resolution. The agreement is rather
good, especially for concentration increments. The discrepancy
that occurs between temperature values at large scales is due to
the different location of the vertical regions selected in the two
simulations to perform the statistical analysis.

Thuswe conclude that the difference in active andpassive scalar
behaviour discussed in the previous section cannot be attributed to
qualitatively different fluxes through the entrainment zone. Two
remarks are in order. First, the obtained results are robust with re-
spect to change of the spatial resolution and of the large scale con-
ditions. This implies that cumulative PDFs behaviour is universal
in the scaling laws (power-law exponents ζ∞ do coincide), but not
in the prefactors (the two curves are shifted in amplitude).

Second, the different scaling behaviours of the two scalars do
not depend on the way scalar fluctuations are produced, provided
scalar injection is realised via statistically independent realisa-
tions. In this particular set-up, such a condition is obtained bymod-
ulating the relative magnitude of the entrainment concentration
flux with respect to the surface flux. This factor plays a key role in
breaking large-scale spatial correlation between temperature and
concentration.
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4. Conclusions

Turbulent convection is characterised by the presence of
plumes, whose edges are often the location of strong temper-
ature gradients. However, as we have discussed, front struc-
tures seem to be a general feature of scalar spatial organisation.
Small-scale spatial structures are also vorticity filaments in incom-
pressible Navier–Stokes turbulence or vortex sheets in magneto-
hydrodynamical turbulence, but their statistical signature is not as
strong as in the case of scalar turbulence: indeed, in none of these
cases, saturation of intermittency is observed.

In this work, we have numerically studied the statistics of an
active and of a passive scalar field, driven by the same turbulent
flow, generated by the atmospheric boundary layer convection.
The present set-up is complex since the system is neither fully
homogeneous, nor isotropic. Moreover, small-scale statistics is
measured on large-eddy simulation fields, which makes more
difficult to obtain very clean datasets. Within these limitations, we
have collected large statistical samples and performed an accurate
analysis of the effects due to the choice of different boundary
conditions. Indeed, to probe small-scale statistical behaviours
of active and passive scalars advected by the same flow, it
is important to have different realisations of the large-scale
fluctuations due to the injection mechanisms (i.e. to the boundary
conditions), otherwise the two scalar fields are trivially identical.

To reduce the effects of inhomogeneity, wemeasured statistical
properties only in horizontal planes, within the so-called well-
mixed layer, where scalar fluctuations are practically independent
of the distance from the bottom wall and from the top layer.

Anisotropy is also an issue in the ABL. It is due to both buoyancy
and shear. In the surface layer, the flow is characterised by the
presence of streaky structures almost parallel to the horizontal
direction. To cope with them (even if their effect is strongly
reduced in the mixed-layer), we measured scalar fluctuations
along the spanwise direction and indeed obtained scalar increment
probability density functions almost symmetrical. It is worth
mentioning that, despite large-scale anisotropy, scalar increment
statistics measured in a convective ABL recover isotropy at scales
much smaller than the integral ones. Moreover, the tendency to
recover isotropy in the inertial range is a genuine feature, neither
due to SGS nor to finite size effects [26].

The PDFs of the temperature and passive scalar spatial incre-
ments were computed and compared. The core of these PDFs, or
equivalently the low order positive moments, showed almost in-
distinguishable scaling properties. Indeed, temperature and tracer
spectra show the same scaling behaviour.

However, when measuring the statistical behaviour of large
fluctuations, belonging to the tails of the scalar increment PDFs,
it was found that the passive scalar is less intermittent than the
temperature field. Both scalars exhibit saturation in the statis-
tical behaviour of large fluctuations, but the saturation scaling
exponents are different.Wemeasured ξ∞ = 0.6±0.2 for the tem-
perature field, and ζ∞ = 1.2 ± 0.2 for the tracer one. Saturation
of scaling exponents has a clean geometrical interpretation: scalar
fluctuations δr θ̄ or δr c̄ , over small scales r , are dominated by quasi-
singular structures where scalar differences between two nearby
points jump by O(λσθ̄ ).

Indications of temperature statistics being more intermittent
than the passive scalar one, within the same flow, were also found
in the Rayleigh–Bénard experiment described in [8]. Although the
boundary layer atmospheric convection presents differences from
thermal convection between two plates at fixed temperatures, we
think that these systems have qualitative similarities. In particular,
the presence of boundaries allows us to obtain a range of scales
where buoyancy transfer of energy might be dominant. This
happens near the walls in a Rayleigh–Bénard cell, and in proximity
of the bottom surface in the convective ABL. In our numerical
simulations, this statement is supported by the measurement of
the Bolgiano length, which can become much smaller than the
horizontal integral scale. This is likely to be the origin of the
observed different behaviour of large fluctuations of temperature
and concentration fields.

Progress by numerical or laboratory experiments is hampered
by difficulties in obtaining 3D datasets with wide separations of
scales and with sufficient statistical convergence for high-order
moments.

In the direct numerical simulations of homogeneous turbulence
reported in [28] and [36], a perfect control is possible on the way
forcing injects scalar fluctuations; this is less trivial in experiments
or in Large-eddy Simulations such as those here presented. Future
research on scalar turbulence in non-homogeneous convection
(with walls) should better highlight the role of plumes, their
temporal and spatial stability: these points need to be solved in
order to understand the observed quantitative differences among
passive scalar and thermal fronts. The situation of passive and
active scalar statistics in 3D homogeneous convection (without
walls), might be well different and remains to be clarified.
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[3] G. Falkovich, K. Gawȩdzki, M. Vergassola, Particles and fields in fluid

turbulence, Rev. Mod. Phys. 73 (2001) 913–975.
[4] R.H. Kraichnan, Anomalous scaling of a randomly advected passive scalar,

Phys. Rev. Lett. 72 (1994) 1016.
[5] A. Celani, A. Lanotte, A. Mazzino, M. Vergassola, Universality and saturation of

intermittency in passive scalar turbulence, Phys. Rev. Lett. 84 (2000) 2385.
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